
1. Vypoč́ıtejte plošný integrál I. druhu
∫
S

(2x+ 4
3
y+z) dS na ploše, kterou je část roviny

x
2

+ y
3

+ z
4

= 1 v I. oktantu.

Plošný integrál převedme na dvojný integrál pomoćı vztahu:∫
S

F (x, y) dS =

∫∫
Mxy

F (x, y, f(x, y)) ·
√

1 + f ′2x + f ′2y dx dy,

kde Mxy je pr̊umět plochy S do roviny xy. Analogický vztah obdrž́ıme, pokud
promı́tneme plochu S do jiné souřadné roviny.
Najděme tedy nejdř́ıve pr̊umět plochy do roviny xy. Pr̊umětem je trojúhelńık ohraničneý
př́ımkou x = 0, y = 0 a x

2
+ y

3
= 1. Meze této oblasti jsou 0 ≤ x ≤ 2 a

0 ≤ y ≤ 6−3x
2

, dále budeme potřebovat parciálńı derivace roviny v explicitńım

tvaru, tedy f(x, y) = 12−6x−4y
3

, derivaćı źıskáme f ′x(x, y) = −2 a f ′y(x, y) = −4
3
.

∫
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)
·

√
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(
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3

)2

dx dy =

=

∫ 2

0

dx

∫ 6−3x
2

0

(
2x+

4

3
y +

12− 6x− 4y

3

)√
5 +

16

9
dy =

=

∫ 2

0

dx

∫ 6−3x
2

0

6x+ 4y + 12− 6x− 4y
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√
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dy =
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0

dx

∫ 6−3x
2

0

12

3

√
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√
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∫ 2

0

dx
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√
61
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∫ 2

0
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y

] 6−3x
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0

dx = 4

√
61
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dx

= 2

√
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√
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2. Vypoč́ıtejte plošný integrál I. druhu
∫
S

x · y · z dS na ploše, kterou je část roviny

x+ y + z = 1 v I. oktantu.

Budeme potřebovat pr̊umět plochy S do roviny např. xy. Dostaneme trojúhelńık
ohraničený př́ımkami x = 0, y = 0 a x+ y = 1, meze takové oblasti jsou
0 ≤ x ≤ 1, 0 ≤ y ≤ 1−x. Dále budeme potřebovat parciálńı derivace roviny v expli-
citńım tvaru, tedy f(x, y) = 1−x−y, derivaćı źıskáme f ′x(x, y) = −1 a f ′y(x, y) = −1.∫

S

(x · y · z) dS =

∫∫
Mxy

x · y · (1− x− y) ·
√

1 + (−1)2 + (−1)2 dx dy =

=

∫ 1

0

dx

∫ 1−x

0

x · y · (1− x− y)
√

1 + (−1)2 + (−1)2 dy =

=
√

3

∫ 1

0

dx

∫ 1−x

0

xy − x2y − xy2 dy =
√

3

∫ 1

0

[
x
y2

2
− x2y

2

2
− xy

3

3

]1−x

0

dx =

1



=
√

3

∫ 1

0

x
(1− x)2

2
− x2 (1− x)2

2
− x(1− x)3

3
dx =

=

√
3

6

∫ 1

0

x(1− 2x+ x2)− 3x2(1− 2x+ x2)− 2x(1− 3x+ 3x2 − x3) dx =

=

√
3

6

∫ 1

0

x− 3x2 + 3x3 − x4 dx =

√
3

6
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2
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]1
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=

=

√
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3. Vypoč́ıtejte plošný integrál I. druhu
∫
S

x2 + y2 dS na ploše, kterou je eliptický para-

boloid z = 1− x2 − y2 a plat́ı, že z ≤ 0.

Budeme potřebovat pr̊umět plochy S do roviny např. xy. Dostaneme kružnici
x2 + y2 = 1, kterou vyjádř́ıme pomoćı polárńıch souřadnic a dostaneme meze
0 ≤ ρ ≤ 1, 0 ≤ ϕ ≤ 2π, nezapomeneme na jakobián transformace do polárńıch
souřadnic ρ. Dále budeme potřebovat parciálńı derivace roviny v explicitńım tvaru,
tedy f(x, y) = 1− x2 − y2, derivaćı źıskáme f ′x(x, y) = −2x a f ′y(x, y) = −2y.∫

S

(x2 + y2) dS =

∫∫
Mxy

(x2 + y2) ·
√

1 + (−2x)2 + (−2y)2 dx dy =

Integrál přetransformujeme do polárńıch souřadnic:

=

∫ 2π

0

dϕ

∫ 1

0

[
(ρ cosϕ)2 + (ρ sinϕ)2

]√
1 + (−2ρ cosϕ)2 + (−2ρ sinϕ)2ρ dρ =

=

∫ 2π

0

dϕ

∫ 1

0

ρ3
√

1 + 4ρ2 dρ =

[1 + 4ρ2 = t
8ρdρ = dt
ρdρ = dt

8

]
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