
Nalezněte diferenciál funkce

df(x, y) = fx(x, y) dx+ fy(x, y) dy, (dx = x− x0 = h, dy = y − y0 = k)

1. f(x, y) = x3y − 2xy2 + 5x
fx = 3x2y − 2y2 + 5, fy = x3 − 4xy
df(x, y) = (3x2y − 2y2 + 5)dx+ (x3 − 4xy)dy

2. f(x, y) = ex
2−y, a = (1, 0)

fx = ex
2−y 2x, fy = ex

2−y(−1)

df(x, y) = (ex
2−y 2x)dx− (ex

2−y)dy, df(1, 0) = 2 e dx− e dy

3. f(x, y) = arcsin x√
x2+y2

, a = (
√

3, 1)

fx = 1√
1− x2

x2+y2

√
x2+y2−x 2x

2
√

x2+y2

x2+y2 =

√
x2+y2

y

y2√
x2+y2

x2+y2 = y
x2+y2

fy = 1√
1− x2

x2+y2

(
− 1

2

)
x√

x2+y2
3 2y = −

√
x2+y2

y
xy√
x2+y2

3 = −x
x2+y2

df(x, y) = y
x2+y2 dx−

x
x2+y2 dy, df(

√
3, 1) = 1

4dx−
√
3
4 dy

Pomoćı diferenciálu přibližně vypočtěte

f(x, y) ≈ f(x0, y0) + fx(x0, y0)dx+ fy(x0, y0)dy

1.
√

0, 982 + 2, 053

x0 = 1, y0 = 2, dx = −0.02, dy = 0.05
f(x, y) =

√
x2 + y3, f(1, 2) = 3

fx = 2x

2
√
x2+y3

= x√
x2+y3

, fy = 3y2

2
√
x2+y3

df(x, y) = x√
x2+y3

dx+ 3y2

2
√
x2+y3

dy, df(1, 2) = 1
3dx+ 2dy

√
0.982 + 2.053 ≈ 3 + 1

3 (−0.02) + 2(0.05) = 3− 2
300 + 10

100 = 900−2+30
300 = 928

300

2. e0.04
3−0.01

x0 = 0, y0 = 0, dx = 0.04, dy = 0.01
f(x, y) = ex

3−y, f(0, 0) = 1

fx = ex
3−y 3x2, fy = ex

3−y(−1)

df(x, y) = 3x2 ex
3−y dx− ex

3−y dy, df(0, 0) = 0 dx− dy
e0.04

3−0.01 ≈ 1− 0.01 = 0.99

3. arcsin 0.47
1.04

x0 = 1
2 , y0 = 1, dx = −0.03, dy = 0.04

f(x, y) = arcsin x
y , f(x0, y0) = arcsin 1

2 = π
6

fx = 1√
1− x2

y2

1
y = 1√

y2−x2
, fy = 1√

1− x2

y2

(
− x
y2

)
= − x

y
√
y2−x2

df(x, y) = 1√
y2−x2

dx− x

y
√
y2−x2

dy, df
(
1
2 , 1
)

= 2√
3
dx− 1√

3
dy

arcsin 0.47
1.04 ≈

π
6 + 2√

3
· (−0.03)− 1√

3
· 0.04 = π

6 −
1

10
√
3

Spočtěte rovnici tečné roviny a normály ke grafu funkce f v bodě (x0, y0)

τ : z = f(x0, y0) + fx(x0, y0)(x− x0) + fy(x0, y0)(y − x0)

n :
x− x0

fx(x0, y0)
=

y − y0
fy(x0, y0)

=
z − f(x0, y0)

−1

1



1. f(x, y) = x3 + 3xy2 − xy + x, (x0, y0) = (1, 0)
fx = 3x2 + 3y2 − y + 1, fx(1, 0) = 4, fy = 6xy − x, fy(1, 0) = −1
f(1, 0) = 1 + 0− 0 + 1 = 2
τ : z = 2 + 4(x− 1)− (y − 0)⇒ 4x− y − z − 2 = 0
parametrické vyjádřeńı normály: n : [x, y, z] = [1, 0, 2] + t(4,−1,−1), t ∈ R
obecné vyjádřeńı normály: x−1

4 = y
−1 = z−2

−1

2. f(x, y) = ln (x+ 2y), (x0, y0) = (2, 1)
fx = 1

x+2y , fx(2, 1) = 1
4 , fy = 2

x+2y , fy(2, 1) = 1
2

f(2, 1) = ln 4
τ : z = ln 4 + 1

4 (x− 2) + 1
2 (y − 1)⇒ x+ 2y − 4z + 4(ln 4− 1) = 0

n : x−21
4

= y−1
1
2

= z−ln 4
−1

n : 4(x− 2) = 2(y − 1) = ln 4− z
n : [x, y, z] = [2, 1, ln 4] + t(1, 2,−4), t ∈ R

Pomoćı gradientu vypočtěte derivaci funkce f v bodě a ve směru ~u = (u1, u2)

∇(x, y) = (fx(x, y), fy(x, y)), fu = ∇(x, y) · ~u = fx(x, y)u1 + fy(x, y)u2

1. f(x, y) = ln (x2 + y2), a = (5,−2), ~u = (−5, 2)

fx = 2x
x2+y2 , fy = 2y

x2+y2 , ∇(x, y) =
(

2x
x2+y2 ,

2y
x2+y2

)
,∇(5,−2) =

(
10
29 ,
−4
29

)
fu(5,−2) = ∇(−5, 2) · ~u =

(
10
29 ,
−4
29

)
· (−5, 2) = − 50

29 −
8
29 = − 58

29 = −2

2. f(x, y) = arctg (xy), a = (1, 1), ~u = (
√

2,
√

2)

fx = y
1+x2y2 , fy = x

1+x2y2 , ∇(x, y) =
(

y
1+x2y2 ,

x
1+x2y2

)
,∇(1, 1) =

(
1
2 ,

1
2

)
fu(a) = ∇(1, 1) · ~u =

(
1
2 ,

1
2

)
· (
√

2,
√

2) =
√
2
2 +

√
2
2 =

√
2

3. f(x, y, z) = xy2 − z3 + xyz, a = (−1, 1, 2), ~u = (1, 0,−1)
fx = y2 + yz, fy = 2xy + xz, fz = −3z2 + xy
∇(x, y, z) = (y2 + yz, 2xy + xz,−3z2 + xy),∇(−1, 1, 2) = (3,−4,−13)
fu(a) = (3,−4,−13) · (1, 0,−1) = 3 + 13 = 16

Nalezněte diferenciál druhého řádu funkce f

d2f(x, y) = fxxdx
2 + 2fxydxdy + fyydy

2

1. f(x, y) = x3y − xy3
fx = 3x2y − y3, fy = x3 − 3xy2

fxx = 6xy, fyy = −6xy, fxy = 3x2 − 3y2

d2f(x, y) = 6xy dx2 + (6x2 − 6y2) dx dy − 6xy dy2

2. f(x, y) = ey cosx, (x0, y0) = (0, 0)
fx = ey(− sinx), fy = ey cosx
fxx = − ey cosx, fyy = ey cosx, fxy = − ey sinx
d2f(x, y) = − ey cosx dx2 − 2 ey sinx dx dy + ey cosx dy2

d2f(x0, y0) = −1 dx2 − 0 dx dy + 1 dy2

3. f(x, y, z) = xyz
fx = yz, fy = xz, fz = xy
fxx = 0, fxy = z, fyy = 0, fyz = x, fzz = 0, fxz = y
d2f(x, y, z) = 0 dx2 + 0 dy2 + 0 dz2 + 2(z dx dy + x dy dz + y dx dz)

2



Nalezněte Taylor̊uv polynom řádu k funkce f v bodě (x0, y0)

Tk(x, y) = f(x0, y0) +
1

1!
df(x0, y0) +

1

2!
d2f(x0, y0) + ...+

1

k!
dkf(x0, y0)

dkf(x, y) =

k∑
j=0

(
k
j

)
∂kf

∂xk−j∂yj
(x, y)dxk−jdyj , dx = x− x0, dy = y − y0

1. f(x, y) =
√
x2 + y2, (x0, y0) = (4, 3), k = 2

f(4, 3) =
√

16 + 9 = 5
fx = 2x

2
√
x2+y2

= x√
x2+y2

, fx(4, 3) = 4
5

fy = 2y

2
√
x2+y2

= y√
x2+y2

, fy(4, 3) = 3
5

fxx =

√
x2+y2−x 2x

2
√

x2+y2

x2+y2 = y2√
x2+y2

3 , fxx(4, 3) = 9
125

fyy =

√
x2+y2−y 2y

2
√

x2+y2

x2+y2 = x2√
x2+y2

3 , fxx(4, 3) = 16
125

fxy = − 1
2

x√
x2+y2

3 2y = −xy√
x2+y2

3 , fx,y = − 12
125

T2(x, y) = 5 +
4

5
(x− 4) +

3

5
(y − 3) +

1

2

(
9

125
(x− 4)2 − 2

12

125
(x− 4)(y − 3) +

16

125
(y − 3)2

)
= 5 +

4

5
(x− 4) +

3

5
(y − 3) +

9

250
(x− 4)2 − 12

125
(x− 4)(y − 3) +

8

125
(y − 3)2

2. f(x, y) = sin(x2 + y), (x0, y0) = (0, π4 ), k = 2

f(0, π4 ) =
√
2
2

fx = cos(x2 + y)2x, fx(0, π4 ) = 0

fy = cos(x2 + y), fy(0, π4 ) =
√
2
2

fyy = − sin(x2 + y), fyy(0, π4 ) = −
√
2
2

fxy = − sin(x2 + y)2x, fxy(0, π4 ) = 0
fxx = − sin(x2 + y)2x+ cos(x2 + y)2,
fxx(0, π4 ) =

√
2

T2(x, y) =

√
2

2
+ 0x+

√
2

2

(
y − π

4

)
+

1

2

(
√

2x2 + 2 · 0x
(
y − π

4

)
−
√

2

2

(
y − π

4

)2)

=

√
2

2
+

√
2

2

(
y − π

4

)
+

1

2

(
√

2x2 −
√

2

2

(
y − π

4

)2)
3. f(x, y) = ln (1 + x) ln (1 + y), (x0, y0) = (0, 0), k = 3

f(0, 0) = 0
fx = 1

1+x ln (1 + y), fx(0, 0) = 0

fy = ln (1 + x) 1
1+y , fy(0, 0) = 0

fxx = − 1
(1+x)2 ln (1 + y), fxx(0, 0) = 0

fxy = 1
1+x

1
1+y , fxy(0, 0) = 1

fyy = − ln (1 + x) 1
(1+y)2

fxxx = 2 1
(1+x)3 ln (1 + y), fxxx(0, 0) = 0

fxxy = − 1
(1+x)2

1
1+y , fxxy(0, 0) = −1

fyyy = 2 ln (1 + x) 1
(1+y)3 , fyyy(0, 0) = 0

fyyx = − 1
1+x

1
(1+y)2 , fyyx(0, 0) = −1

T3(x, y) = 0 + 0x+ 0 y +
1

2
(0x2 + 2 · 1x y + 0 y2) +

1

6
(0x3 + 3(−1)x2 y + 3(−1)x y2 + 0 y3)

= xy − 1

2
x2y − 1

2
xy2

3



1. Vypočtěte diferenciál df(x) pro funkci f(x) = arctan 1
x
, h ∈ R.

Řešeńı:

f ′(x) =
1

1 +
(

1
x

)2 ·

(

−
1

x2

)

= −
1

1 + x2
,

df(x) = f ′(x)h = −
1

1 + x2
h.

2. Vypočtěte př́ır̊ustek funkce f(x0 + h)− f(x0) a diferenciál funkce df(x0), je-li
f(x) = x2

− 3x+ 4, x0 = 1, h = −0, 2.
Řešeńı:

f(x0+h)−f(x0) = f(0, 8)−f(1) =
(

0, 82 − 3 · 0, 8 + 4
)

−

(

12 − 3 · 1 + 4
)

= 2, 24−2 = 0, 24.

df(x0) = f ′(x0)h = (2x0 − 3)h = (2 · 1− 3) · (−0, 2) = 0, 2.

3. Užit́ım diferenciálu vypočtěte přibližně

a) 2, 035,

b) cos 59◦.

Řešeńı:

a) Použijeme vzorec f(x)
.
= f(x0) + df(x0) = f(x0) + f ′(x0)(x− x0). Máme

f(x) = x5, x0 = 2, x− x0 = h = 0, 03,
f(x0) = f(2) = 25 = 32, f ′(x) = 5x4, f ′(x0) = f ′(2) = 5 · 24 = 80.
Aplikujeme diferenciál: 2, 035

.
= 32 + 80 · 0, 03 = 32 + 2, 4 = 34, 4.

Přesná hodnota je po zaokrouhleńı 34, 473.

b) f(x) = cos x, x0 = 60◦ = π

3
, x− x0 = h = −1◦ = −

π

180
,

f(x0) = cos π

3
= 1

2
, f ′(x) = − sin x, f ′(x0) = − sin π

3
= −

√
3
2
.

cos 59◦
.
= 1

2
+ (−

√
3
2
) ·

(

−
π

180

)

= 1
2
+

√
3
2
· 0, 0174

.
= 0, 5151.

Přesná hodnota je po zaokrouhleńı 0, 515.

4. Napǐste Taylor̊uv polynom 5. stupně se středem v bodě x0 = 1 pro funkci
f(x) = x5

− 3x4 + 2x3 + 4x2
− 6x+ 5.

Řešeńı: Taylor̊uv polynom stupně n funkce f(x) se středem v bodě x0 má tvar

Tn(x) = f(x0) +
f ′(x0)

1!
(x− x0) +

f ′′(x0)

2!
(x− x0)

2 + . . .+
f (n) (x0)

n!
(x− x0)

n

.

f(x) = x5
− 3x4 + 2x3 + 4x2

− 6x+ 5,

f ′(x) = 5x4
− 12x3 + 6x2 + 8x− 6,

f ′′(x) = 20x3
− 36x2 + 12x+ 8,

f ′′′(x) = 60x2
− 72x+ 12,

f (4)(x) = 120x− 72,

f (5)(x) = 120.

Pro x0 = 1 máme

f(1) = 3, f ′(1) = 1, f ′′(1) = 4, f ′′′(1) = 0, f (4)(1) = 48, f (5)(1) = 120.

Dosazeńım do vzorce dostáváme

T5(x) = 3 +
1

1!
(x− 1) +

4

2!
(x− 1)2 +

0

3!
(x− 1)3 ++

48

4!
(x− 1)4 ++

120

5!
(x− 1)5

= 3 + (x− 1) + 2 (x− 1)2 + 2 (x− 1)4 + (x− 1)5 .



5. Napǐste Taylor̊uv polynom 4. stupně se středem v bodě x0 = −1 pro funkci f(x) = 1
x
.

Řešeńı:

f(x) =
1

x
, f ′(x) = −

1

x2
, f ′′(x) =

2

x3
, f ′′′(x) = −

6

x4
, f (4)(x) =

24

x5
.

Pro x0 = −1 :

f(−1) = −1, f ′(−1) = −1, f ′′(−1) = −2, f ′′′(−1) = −6, f (4)(−1) = −24.

T4(x) = −1 +
−1

1!
(x+ 1) +

−2

2!
(x+ 1)2 +

−6

3!
(x+ 1)3 +

−24

4!
(x+ 1)4

= −1− (x+ 1)− (x+ 1)2 − (x+ 1)3 − (x+ 1)4 .

6. Napǐste Taylor̊uv polynom 3. stupně se středem v bodě x0 = 0 pro funkci f(x) = ecosx.

Řešeńı:

f(x) = ecosx,

f ′(x) = (− sin x) · ecosx,

f ′′(x) = (− cos x) · ecosx + (− sin x) · ecosx · (− sin x) = ecosx
(

sin2 x− cos x
)

,

f ′′′(x) = ecosx · (− sin x) ·
(

sin2 x− cos x
)

+ ecosx · (2 sin x cos x+ sin x)

= ecosx
(

− sin3 x+ 3 sin x cos x+ sin x
)

= ecosx sin x
(

− sin2 x+ 3 cos x = 1
)

.

Pro x0 = 0 :
f(0) = e0 = 1, f ′(0) = 0, f ′′(0) = −1, f ′′′(0) = 0.

T3(x) = 1 +
0

1!
(x− 0) +

−1

2!
(x− 0)2 +

0

3!
(x− 0)3 = 1−

x2

2
.

7. Napǐste Taylor̊uv polynom 3. stupně se středem v bodě x0 = 0 pro funkci f(x) = arctan x.
Řešeńı:

f(x) = arctan x,

f ′(x) =
1

1 + x2
,

f ′′(x) = −

(

1 + x2
)−2

· 2x =
−2x

(1 + x2)2
,

f ′′′(x) =
−2 · (1 + x2)

2
− (−2x) · 2 · (1 + x2) · 2x

(1 + x2)4
=

−2 (1 + x2) (1 + x2
− 4x2)

(1 + x2)4

=
−2 (1− 3x2)

(1 + x2)3
.

Pro x0 = 0 :
f(0) = 0, f ′(0) = 1, f ′′(0) = 0, f ′′′(0) = −2.

T3(x) = 0 +
1

1!
(x− 0) +

0

2!
(x− 0)2 +

−2

3!
(x− 0)3 = x−

1

3
x3.


