Vzorce na integrovani

1. fx”dm:f;fll—i—C’,n;é—l

2. [Tdz=Inlz|+C
3. fexdx:e‘”qLC’
4.faxdx:%+0

5. [sinzdx = —cosax+ C
6. fcos:pdx:sinx+0
7. [ dz=tgz+C

cos? x

8. [ dax=—cotgx+C

sin”® x

9. fﬁd$:arcsinx+0:—arccosx+K
10. fﬁd:p:arctgx—l—C:—arccotgx+K
1. [ i de = JarctgZ 4+ C

12. [ m=de=In(z+V1+a?)+C

13. fﬁdlen@—i—v:ﬁ—ﬂ—l—(j

/[af(x)—l—bg(x)]dx:a/f(x)d:c—i-b/g(x)dx

Pozor !!!
Neplati zadné univerzéalni pravidlo pro integral souc¢inu a podilu dvou funkei!!!



Integrujte
L [(Ba*—a?—=3x+5)de =3 [2*de— [2*dz—3 [xde+5 [dx = 22 3.2 5. 040
2 [+ 1)z -1 =D)dz= [(2®—1)(a® - dz = [(2* - 222+ 1)dz =% — 2% 4 2 4+ C

3. [l 32 gy = [(2P 4 da? — 1+ Z)de =2 +4%2 —z—21 4 C
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4 [P de = [EE A= [(- 2+ 5) do=Tnfe|+ 2 H+C
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6. fﬁdx:f\/ﬁdx:\%fﬁdx:\/garcsmx—i-C \farcsmx—i-C’

7. wg#dx:f@—Q(%)x)dx:?)x—Q-(%)wéjLC

8. [Hefeqy = [ Lher gy = [Leotrgy = [ L dr+ [0 dp = Ltga+ Lo+ C
9. [2sin*2dz = [(sin® % +sin*Z)de = [(sin® % + 1 —cos® £)dz = [(1 — (cos® £ —sin*2)) dz =

f(l—cosx)dx—x—smx—i-C’

Integrace metodou per partes

1.
: U=z w =1 :
rsincdr =| , . =z (—cosz)— [ 1-(—cosz)dr = —x cos z+sin x+C'
V' =sinz v=—cosz
2.
2 / _ I
/x2emdx— umrou _%,m :xQe”’—/Qxeﬂ’dx:xQeI—Z/xezdx: ume o _i
v=e vVV=e" v=e
= 7%e" — 2[we” —/1e“””d:v] = 7%e” — 276" + 2" + C = e"(2* — 20 +2) + C
3.
u=Inr o =1 1
Inzxdr= | I'lnxdx=| , z l=glnr— [ —zder=xlnz— | de =chz—2+C
v=1 wv=ux x
4.

_1
142
I _ 2z
vV =2 U—2

u=arctgx u =

/x arctgr der =

x? 1 x? x? 1 [22+1-1
= —arctgar—= dr = —arctgez——= | ———dx
2 2 ) 1+22 2 2 1+ 22

z2 vk 1/ 1 LY ge = @ et Lo L arctezr v 0
= — aIcC Xr — — — Tr = — arc r — =X — arc X
g ArCleT =3 1+ 22 g ATt T T ot G arcte



u=e" u = e”
v =slnz v=—cosz

u=e" u = e”

/emcosxdx =

= e sinx — [e(— cosx) —/ex(—cosx)dx] :exsinx+emcos:c—/excosxdx

= exsinx—/exsina:dx =

v =cosx v=sinz

2/e””cos:1:dm =e"sinz +e*cosx

1
/excosxdx = §(exsinx+emcos:c) +C

/siandx:/sinx-sinxdx:

= —sinxcosx+/0082xdx = —sinxcosx+/(1—sin2 x)de = —sinxcos:v—i—/ dx—/siandx

u=sinz u =cosz
v =sinz v=—cosz

Odtud
2/sin2xdx = —sinxcosx +x

1
/sinzxda: = i(x—sin:vcosw +C

Substituéni metoda

1.
1 l—ax = ¢ 1 dt 1

2.

e” 24" =t B e“”dt_ 1 B B - B N

/2+exdm— cde  — dt ’— 76—1—/Zdt—ln|t|+0—ln|2—|—e |+C =In (2 +e")+C
3.
cos T sin =t 1 )

/cotgxdx—/smxdx— coszde — dt ‘_/;dt—ln|t|+0—ln|smx|+0
4.

2 ZL’2—|—1 =t 1 1 t% 3
5.

| 2248 =t | dt 1 a1t
/\/—2x+8dx—‘_2dx _ dt‘_/ﬂ__z__§/t2dt__§?+c

2
1 1
= —5\/t3 +C = —5\/(—2:5 +8)3+C
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V1 — t2 2
L A [ L/ VL B SV N PG,
=dz = dt % 3

a: x
" arctg? x arctgr = t 9 3 arctg? x
/1+x2’” ‘ﬁd$:dt' / 37 3
8.
1 20—1 =t 1de¢ 1 1 1 1
9.
3
43 9 |~z =t o ;o dt __1 t __lt __1—9&3
/e xdx—‘_?)xde _ dt‘—/ex—_gxz— 3 e"dt = 38+C— 3¢ +C
10. 4 4
3 . | cosx =t |_ [, t _costw
/cos xsmxdx—‘_sinxdx _ dt‘_ /t dt = 4—1—0— 1 +C
11.
1 1 3r = t 1 dt 1 1
12.
1 1 1 3z = 1 1 2dt
— dr=| ——dr == | ——dx=| 2 = — —
/\/4—93;2 / 922 / (322 ‘%dm = dt' 2/ V1i—¢ 3
4(1 - 22) 24/1— (%)
1 1 1 1 3
—gfﬁdt—garcsinthC—garcsin7x+0
13.

1 1 1
a“+x a 1+i—2

Pieved’te na soucet polynomu a ryze racionalni funkce a integrujte

1.
1 1 1 1 1 1 =
/ ‘ dx:|délenim|:/ S dx:—x——/ dr — 2r + 1 t
2v +1 2 22z +1 2 2) 2x+1 2dx = dt

1 1 1dt 1 1 1 1 1 1 1
e C Y gt S-S+ C = s — —In 22+ 1
5% 2/t2 5% 4/t 5% 4n]|+C’ 5% 411]3:—1— |+ C

2?2 —1 2
/x2+1dx:/(1_x2+1> dr = x —2arctge + C

4

Q=2 |8

=t 1 1 1 1 x
de = dt ‘ - E/m'adt— aarctgHC— ~ arctg E+C
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Rozlozte ryze lomenou funkci na soucet parcialnich zlomka

1. R(l’) — 2x+1

33—z
Rozlozime jmenovatel na soucin kotenovych faktoru (v redlném oboru).
r-—r=xz@*-1)=x(x—-1)(z+1)
Protoze mame tii ruzné jednonasobné realné koreny, rozklad dopadne takto:

20+1 2¢ + 1 A B C

-z  alr—1)(z+1) ;+x—1+x+1

Vynasobime rovnost spolecnym jmenovatelem z levé strany.
20 +1=A(x —1)(x +1)+ Bz(z + 1) + Cz(x — 1)

Méame dvé moznosti
a) do rovnice postupné dosadime realné koteny puvodniho jmenovatele:

r=0: 0+1=A-)(1)+B-0(1)+C-0(-1) = A=-1
xr=1: 24+1=B-1(1+1) = B:%
r=—1: —2+4+1=C(-1)(-2) = C=-1

b) rovnici jesté upravime a porovndme koeficienty u jednotlivych mocnin z na pravé a na levé
strané:

2r +1=Ax?> — A+ Bz®> + Bz + C2? — Cx
20+ 1=2(A+B+C)+z(B-C)— A
x? 0= A+B+C

at: 2= B-C
20 1= —A
Resenim soustavy tif rovnic o tfech nezndmych dostaneme A = —1, B = %, C = —%.
Celkem méme:
a3,
R(r)=— + +—2
(@) z r—1 z+1

? — 2t r=a(? 20 +1)=a(x - 1)

Mame jeden jednonasobny kofen x = 0 a dvojnasobny koten x = 1. Rozklad bude vypadat

takto:
332—:B—1_A+ B N C
v(r—12 =z x-1 (z—1)2




2 —x—1=A(x —1)*+ Ba(r — 1) + Cx
v —r—1=A2> —2Az + A+ Ba* — Bz + Cx
Koeficienty najdeme kombinaci obou metod. Nejprve dosadime dva realné kofeny a potom
posledni koeficient ziskdme medotou porovnavani koeficientu.

z=0: —-1=A=A=-1

r=1: -1=C=C=-1
Porovname koeficient u z!:
-1=-2A-B+C=B=2

A tedy

3. R(z) = 2442

{E4+£E3+172
sttt =2t o+ 1)
Mame dvojnasobny realny koren x = 0 a kvadraticky dvojclen se zapornym diskriminantem.

20°+2x4+2 A B+ Cx+ D
w222 +2+1) 22 2 224z +l

20° + 2 +2=A(2*+ 2+ 1)+ Ba(2> + 2+ 1) + (Cz + D)2*
203 + 42 = Ax* 4+ Az + A+ Ba® + Ba® + Bz + Cz® 4 da?
20 + 24+ 2=2*B+C)+2*(A+B+D)+x(A+B)+ A

Porovnanim koeficientu:
+ C =
+ D

sslleviive

A +
A +
A pr—
D = —1, tj.

I
N~ O N

Odtud A=2,B=—1,C =3,

2 1 3z —1
Rlx)=———4+ ———.
(z) 2 x+x2—|—a:+1

Integrovani parcialnich zlomku

L. typ: fﬁdx

[}
r—5 = t
dx = d

/idx:
r—>5

IL typ: [ ﬁdx, kE#—1

1
t‘zS/;dt:31n|x—5]+C



[ ]
V2 r+2 =t 1 s V21 V2 o1
= A R e e Tk

ML typ: [ 220 da, p* —4g <0

/ 2x — 3 d
_ T e =
22 -3z +5

1 | | |
. de= o= —— do=[—— g
/x2—2x+3 ¢ /x2—2x+1—1+3 v /(x—1)2+2 v /2[@:—21)2“] v

[ ]
Cost e [l =m0 =t~ 304540
(2r —3)dx = dt t = X

1 1 2 =t 1 1 5 1
:_/ p) de =| Y? :_/ \/§dt:£/ dt

2 <1_1> pdr = dt 2) t2+1 2 ) ?2+1

)
2 2 -1
:garctgt—i—c:\/T_Echtg(x\/i )-{-C’
[ ]

3z —1 T— % 3 27 — 2 3 f2x+1—1-2
/x—dx:?)/—?’dx:—/—?’dx:—/ 3 d
2?2+ ax+1 24+ +1 2) 224z+1 2 2?4+x+1

3 20 +1 3 5 3 5 1
=~ | F—dr— > | —32—dr=-Inla? 1——/—d
2/:1:2+x+1 . 2/$2+:1:+1 v=ghlretl=5 [ G g de

1 1 1
/ 2 _dl’:/ 2 1 1 dx:/ngl’
¢ +zx+1 x—i-l'—l-z—;l-i-l (x+§> + 4

Méame dvé moznosti

4 1 4 1 Zutl t 4 1

a) = - de = = de =| 3 =_ —\/gdt
3 1\ 2 3 90zt1 )2 “dr = dt 3/ 241 2

(‘”‘*2 +1 (jg) +1 e
4 2 27 + 1
e+t = | 3 1 [ 1 1 z 2
b) = da _ dt4/t2+<ﬁ)2dt a2+x2dx—aarctga—|—0 ——\/garctg
2

Celkem mame
3r—1 3 52v3 2 1
/x—dxz—1n|x2+x+1|—§TfarCtg( x¢+§ >+O

2?2+r+1 2
3 2 1
\/_aurctg(ij )+C’

3 5
:éln]$2+x—|—1|—
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Ryze lomenou funkci pfeved’te na soucet parcidlnich zlomku a integrujte

1.
/2x+1d / S S I z|+ Stnjz— 1] ~Infz+ 1]+ C
T = — —2 Jder=—Ilnlz|+=In|lr—1] — =Inlz
3 —x z r—1 x+1 2 2
2.
?—xr—1 1 2 1 1
LT = [ (=2 . doe = —1 olnjr — 1|+ —— +C
/x3—2x2+$ ’ /( P — (m—l)z) v nfel + 2o o |+:1c—1jL
3.
/2x3+x—|—2d / 2 1+ 3r—1 d
— —dx = — 4+ —— | dz
x4+ a3+ a2 2 o x2+x+1
1 3 5vV3 2 1
:—2;—1n]a:|—|—§ln|a:2—|—x—|—1|—%—arctg( x\/—g )—l—C
(viz diiv)
4.

/ 72 + 2z
——dx
xt 4 222 — 3
Rozlozime na parcialni zlomky:

% + 22 2+ 2x x? + 2z %+ 2 2+ 2x

_—m 2: pu— pum— = =
Fr2r 3 TPy 3 T D s @ D@48 G- Det D@ )
%+ 2x A n B Cx+ D
(z—D(x+1)(22+3) -1 x+1 2243
2+ 20 =Alx+ 1) (2* +3)+ Bz — 1)(2* +3) + (Cx + D)(x — 1)(z + 1)
r=1: 1+2=8A4 = A:%
r=—1: 1-2=-8B = B:%
20 0=34-3B-D = D=3
z3 0=A+B+C = C=-1
z? + 2z _ g n % +—%x+%
(=1 (x+1)(224+3) z—-1 ax+1 22+3

/ 2+ 2x d / 3 1 +1 1 12z —3 d 31 ‘ 1|+11 ‘ +1‘ 1/2x—3d
— dx = — — — = r=—Inlr— —Inlx —= x
xt+ 222 -3 8r—1 8x+1 42243 8 8 4 ) x2+3
3 1 1 2x 3
—Zlnlz — 1]+ -1 1) — - - d
ghofz =1+ ghnjz+1] 4/(ﬁ+3 xLHJ v

3 1 1
:§1n|x—1\+§ln]$—|—1]—Zln(x2—i—3)+

§iarct i—i—C
TRV RV



4
x
/x3_1dx:

Ryze lomenou funkci —*

gt (-1 =+

x
) :/<x+x3_1> dw

7 rozlozime na soucet parcialnich zlomku

r x A Bx+C

3 —1 (:E—l)(172+x+1)_w—1+x2~|—$+1

r=Alx"+z+1)+ (Bx+C)(z - 1)

T 0=A+B = A=-B
20 0=A-C = A=C
t: 1=A-B+C = 1=A+A+A
Resenfm soustavy jsou koeficienty A = %, B = —%, C = % Pokracujeme v integrovani

xt i —dir4 !
dr = 3 3 3 d
/x?’—l v /<x+x—1+x2+x+1 o

integral f 2 +1 5 dgp spocitame zv14ast:

Ly 4l 1 —1 1 o20r — 2 1 [20+1—1-2
/de:__/m—dx:__/m—dx:_/ vt dz
24+ r+1 3) 22+x+1 6 ) x24+x+1 6

> +r+1
:‘61“"”2”*1'*%/<m2+m1+i>+§dx:‘éln‘xz”“”%/@dx
_ gx‘i‘% z flt ‘:_é1n|x2+x+1|+%/ﬁd :——ln|m +z+1|+= \/_arctg2—\/t_—|—0

1 1 2 +1
= ——In|2® + 2 + 1| + —= arctg v +C

6 V3 V3

t 1 iz +1
dr = 3 3 3 d
/a:3—1 . /<x+x—1+x2+x+1 .

2 1 1 1 2¢ + 1
=" 4 -Inlz—1l—=-In|2®’+ 2+ 1|+ —arctg ——— + C

Celkem

Neékteré integraly typu [ sin”xcos™z dx
1.

: . . . cosx =t
sin® vcos' zdr = [ sin?xcos* zsinxzdr = [ (1—cos®x) cos* wsinx dr = .
—sinzdr = dt

_ vy [y gt Lo L s
= (I—t)t*dt = [ (¢ t)dt—7 5+C—7cos:c 5cosa:+C



5 B EUETRT I | cosx =t |_ 4232
/sm xdx—/(l cos” ) sinzdr = sinzdr — di ‘— /(1 )= dt
2 | 4 25 1 2 3 Lo 5
=— Q-2 +t")dt =—t+-t° — >+ C = —cosz+ -cos"x — —cos’z + C
3 5 3 5
.. 5 3 . sinx =t - 5 42 . 5 L7
/sm xcos® xdr = coszdr — dt‘_/t (1 t)dt—/(t t")dt
1 1 1 1
:6756—§t8+C’zésinﬁx—§sin8:p+C

Lze pouzit i substituci ¢t = cos .

cos’ x cos’ 1 —sin’z
——dz = —s—coszdr = | ————coszdzr =
sin® x sin® x sin® x

1—t? 1 1 1 1 1 1
/ o / (t5 t3) v T 4sint z * 2sin® x *

1 1

coszdxr = dt

sinx =t ’

1
/sinzxdx = |sin’z = 5(1 — cos 2x)

1 1 1
/COSQ.CIZCLCE: coszx:§(1+0032x) :§$+Zsin2x+0

1 21 2 =t

.4 2 _ Lo 1 _
/sm Z COS xdx—/b(l cos2m)} 2(14—(3052:15) dz ‘ odr — dt
=16 (1 — cost — cos“t + cos t)dt:—16 (sin®t — cost + cos” t) dt

1 1
= (/5(1—coth)dt—/costdzH—/(l—sith)costdt)

1 /1, 1 1 . X '
:1_6(§t_Zsm2t_smt+smt_§sm3t>+O:_@Sm32x—6—4$in4x+ﬁx+c
_ _ 1 tgr =t 1
/sinxcosz X /tg$cos2x x ﬁdz _ dt‘ /t n|tgx| +

1 1 1 1
sin x 2sin 5 cos 3 2 ) tggcos?g

1 x
— [ Zdt=1 il
/tdt n|tg2|+C

tg 3 =t
Llde = dt

1
2z
cos 22
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10.

1 lx+5 o=t | 1
/cosxdx_ ‘cosx—sm x—l— /sm e = q — '— _sintdt
1
= C
e e+ )i+
Obecna goniometricka substituce tg 5 =1
T 2d¢ , 2t 11—t
tg— =t do=-—=, sinx=-——-, cosz=
2 1+t 1+ t2 1+t2
1.
1—si 1— 2% 2 1462 -2t 2 142 —2t
/ﬂdx:/ Lt dt:/ + dt:/+—dt
1+ cosz 14 55 1+ 1+t24+1—121+ ¢t 1412
/ 2 N Gt =t —m(1+2)+C =gl -1 <1+t2$>+0
et = — 1n = — — 1n —
1+ 12 ) 3
2.

/ dr / ! 2 = / 2 dt—/ ! dt
3sinz —dcosw 3.2 44t 1412 6t +4—4t2 ) —224+3t+2

142
1/ 1 1/ 1 1/ 2 2
= A= [ ——— dt=—= [ 5
2) 2-3t-1 2) (t-2)t+3) 2) t—2 +%
1 1
:——ln\t—2|+—lnt+2 —i—C———ln‘tg——Z’ —ln tg

11



