
Vzorce na integrováńı

1.
∫
xn dx = xn+1

n+1
+ C, n 6= −1

2.
∫

1
x

dx = ln |x|+ C

3.
∫

ex dx = ex + C

4.
∫
ax dx = ax

ln a
+ C

5.
∫

sinx dx = − cosx+ C

6.
∫

cosx dx = sinx+ C

7.
∫

1
cos2 x

dx = tg x+ C

8.
∫

1
sin2 x

dx = − cotg x+ C

9.
∫

1√
1−x2 dx = arcsinx+ C = − arccosx+K

10.
∫

1
1+x2

dx = arctg x+ C = − arccotg x+K

11.
∫

1
a2+x2

dx = 1
a

arctg x
a

+ C

12.
∫

1√
1+x2

dx = ln (x+
√

1 + x2) + C

13.
∫

1√
x2−1 dx = ln |x+

√
x2 − 1|+ C∫

[af(x) + bg(x)] dx = a

∫
f(x) dx+ b

∫
g(x) dx

Pozor !!!
Neplat́ı žádné univerzálńı pravidlo pro integrál součinu a pod́ılu dvou funkćı!!!
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Integrujte

1.
∫

(3x3−x2− 3x+ 5) dx = 3
∫
x3 dx−

∫
x2 dx− 3

∫
x dx+ 5

∫
dx = 3 · x4

4
− x3

3
− 3 · x2

2
+ 5 ·x+C

2.
∫

(x+ 1)(x− 1)(x2 − 1) dx =
∫

(x2 − 1)(x2 − 1) dx =
∫

(x4 − 2x2 + 1) dx = x5

5
− 2x

3

3
+ x+ C

3.
∫

x5+4x4−x2+2
x2

dx =
∫

(x3 + 4x2 − 1 + 2
x2

) dx = x4

4
+ 4x

3

3
− x− 2 1

x
+ C

4.
∫ (x−1)2

x3
dx =

∫
x2−2x+1

x3
dx =

∫ (
1
x
− 2

x2
+ 1

x3

)
dx = ln |x|+ 2

x
− 1

2x2
+ C

5.
∫ 3√

x2− 4√x√
x

dx =
∫ (

x
2
3

x
1
2
− x

1
4

x
1
2

)
dx =

∫
(x

1
6 − x−

1
4 ) dx = x

7
6
7
6

− x
3
4
3
4

+ C = 6
6√
x7

7
− 4

4√
x3

3
+ C =

6x 6√x
7
− 4

4√
x3

3
+ C

6.
∫

1√
3−3x2 dx =

∫
1√

3(1−x2)
dx = 1√

3

∫
1√

1−x2 dx = 1√
3

arcsinx+ C =
√
3
3

arcsinx+ C

7.
∫

3·2x−2·3x
2x

dx =
∫

(3− 2
(
3
2

)x
) dx = 3x− 2 ·

(
3
2

)x 1
ln 3

2

+ C

8.
∫

1+cos2 x
1+cos 2x

dx =
∫

1+cos2 x
1+cos2 x−sin2 x dx =

∫
1+cos2 x
2 cos2 x

dx =
∫

1
2 cos2 x

dx+
∫

cos2 x
2 cos2 x

dx = 1
2

tg x+ 1
2
x+ C

9.
∫

2 sin2 x
2

dx =
∫

(sin2 x
2

+ sin2 x
2
) dx =

∫
(sin2 x

2
+ 1− cos2 x

2
) dx =

∫
(1− (cos2 x

2
− sin2 x

2
)) dx =∫

(1− cosx) dx = x− sinx+ C

Integrace metodou per partes

1. ∫
x sinx dx =

∣∣∣∣ u = x u′ = 1
v′ = sinx v = − cosx

∣∣∣∣ = x·(− cosx)−
∫

1·(− cosx) dx = −x cosx+sin x+C

2. ∫
x2ex dx =

∣∣∣∣ u = x2 u′ = 2x
v′ = ex v = ex

∣∣∣∣ = x2ex−
∫

2xex dx = x2ex−2

∫
xex dx =

∣∣∣∣ u = x u′ = 1
v′ = ex v = ex

∣∣∣∣
= x2ex − 2[xex −

∫
1ex dx] = x2ex − 2xex + 2ex + C = ex(x2 − 2x+ 2) + C

3. ∫
lnx dx =

∫
1·lnx dx =

∣∣∣∣ u = lnx u′ = 1
x

v′ = 1 v = x

∣∣∣∣ = x lnx−
∫

1

x
·x dx = x lnx−

∫
dx = x lnx−x+C

4. ∫
x arctg x dx =

∣∣∣∣ u = arctg x u′ = 1
1+x2

v′ = x v = x2

2

∣∣∣∣ =
x2

2
arctg x−1

2

∫
x2

1 + x2
dx =

x2

2
arctg x−1

2

∫
x2 + 1− 1

1 + x2
dx

=
x2

2
arctg x− 1

2

∫ (
1− 1

1 + x2

)
dx =

x2

2
arctg x− 1

2
x+

1

2
arctg x+ C

2



5. ∫
ex cosx dx =

∣∣∣∣ u = ex u′ = ex

v′ = cosx v = sinx

∣∣∣∣ = ex sinx−
∫

ex sinx dx =

∣∣∣∣ u = ex u′ = ex

v′ = sinx v = − cosx

∣∣∣∣
= ex sinx− [ex(− cosx)−

∫
ex(− cosx) dx] = ex sinx+ ex cosx−

∫
ex cosx dx

2

∫
ex cosx dx = ex sinx+ ex cosx∫

ex cosx dx =
1

2
(ex sinx+ ex cosx) + C

6. ∫
sin2 x dx =

∫
sinx · sinx dx =

∣∣∣∣ u = sinx u′ = cosx
v′ = sinx v = − cosx

∣∣∣∣
= − sinx cosx+

∫
cos2 x dx = − sinx cosx+

∫
(1−sin2 x) dx = − sinx cosx+

∫
dx−

∫
sin2 x dx

Odtud

2

∫
sin2 x dx = − sinx cosx+ x∫

sin2 x dx =
1

2
(x− sinx cosx) + C

Substitučńı metoda

1. ∫
1

1− x
dx =

∣∣∣∣ 1− x = t
−dx = dt

∣∣∣∣ =

∫
1

t

dt

−1
= −

∫
1

t
dt = − ln |t|+ C = − ln |1− x|+ C

2. ∫
ex

2 + ex
dx =

∣∣∣∣ 2 + ex = t
exdx = dt

∣∣∣∣ =

∫
ex

t

dt

ex
=

∫
1

t
dt = ln |t|+C = ln |2 + ex|+C = ln (2 + ex)+C

3. ∫
cotg x dx =

∫
cosx

sinx
dx =

∣∣∣∣ sinx = t
cosxdx = dt

∣∣∣∣ =

∫
1

t
dt = ln |t|+ C = ln | sinx|+ C

4. ∫
2x√
x2 + 1

dx =

∣∣∣∣ x2 + 1 = t
2xdx = dt

∣∣∣∣ =

∫
1√
t

dt =

∫
t−

1
2 dt =

t
1
2

1
2

+C = 2
√
t+C = 2

√
x2 + 1+C

5. ∫ √
−2x+ 8 dx =

∣∣∣∣ −2x+ 8 = t
−2dx = dt

∣∣∣∣ =

∫ √
t

dt

−2
= −1

2

∫
t
1
2 dt = −1

2

t
3
2

3
2

+ C

= −1

3

√
t3 + C = −1

3

√
(−2x+ 8)3 + C

3



6. ∫ √
lnx

x
dx =

∣∣∣∣ lnx = t
1
x
dx = dt

∣∣∣∣ =

∫ √
t dt =

t
3
2

3
2

+ C =
2

3

√
ln3 x+ C

7. ∫
arctg2 x

1 + x2
dx =

∣∣∣∣ arctg x = t
1

1+x2
dx = dt

∣∣∣∣ =

∫
t2 dt =

t3

3
+ C =

arctg3 x

3
+ C

8. ∫
1

2x− 1
dx =

∣∣∣∣ 2x− 1 = t
2dx = dt

∣∣∣∣ =

∫
1

t

dt

2
=

1

2

∫
1

t
dt =

1

2
ln |t|+ C =

1

2
ln |2x− 1|+ C

9. ∫
e−x

3

x2 dx =

∣∣∣∣ −x3 = t
−3x2dx = dt

∣∣∣∣ =

∫
etx2

dt

−3x2
= −1

3

∫
et dt = −1

3
et + C = −1

3
e−x

3

+ C

10. ∫
cos3 x sinx dx =

∣∣∣∣ cosx = t
− sinxdx = dt

∣∣∣∣ = −
∫
t3 dt = −t

4

4
+ C = −cos4 x

4
+ C

11. ∫
1

1 + 9x2
dx =

∫
1

1 + (3x)2
dx =

∣∣∣∣ 3x = t
3dx = dt

∣∣∣∣ =

∫
1

1 + t2
dt

3
=

1

3
arctg t+C =

1

3
arctg 3x+C

12. ∫
1√

4− 9x2
dx =

∫
1√

4(1− 9x2

4
)

dx ==

∫
1

2
√

1−
(
3x
2

)2 dx =

∣∣∣∣ 3x
2

= t
3
2
dx = dt

∣∣∣∣ =
1

2

∫
1√

1− t2
2dt

3

=
1

3

∫
1√

1− t2
dt =

1

3
arcsin t+ C =

1

3
arcsin

3x

2
+ C

13. ∫
1

a2 + x2
dx =

1

a2

∫
1

1 + x2

a2

dx =

∣∣∣∣ x
a

= t
1
a
dx = dt

∣∣∣∣ =
1

a2

∫
1

1 + t2
·a dt =

1

a
arctg t+C =

1

a
arctg

x

a
+C

Převed’te na součet polynomu a ryze racionálńı funkce a integrujte

1. ∫
x

2x+ 1
dx = |děleńım| =

∫ (
1

2
− 1

2

1

2x+ 1

)
dx =

1

2
x− 1

2

∫
1

2x+ 1
dx =

∣∣∣∣ 2x+ 1 = t
2dx = dt

∣∣∣∣
=

1

2
x− 1

2

∫
1

t

dt

2
=

1

2
x− 1

4

∫
1

t
dt =

1

2
x− 1

4
ln |t|+ C =

1

2
x− 1

4
ln |2x+ 1|+ C

2. ∫
x2 − 1

x2 + 1
dx =

∫ (
1− 2

x2 + 1

)
dx = x− 2 arctg x+ C

4



3. ∫
x4

1− x
dx =

∫ (
−x3 − x2 − x− 1 +

1

1− x

)
dx =

∣∣∣∣ 1− x = t
−dx = dt

∣∣∣∣ = −x
4

4
−x

3

3
−x

2

2
−x−

∫
1

t
dt

= −x
4

4
− x3

3
− x2

2
− x− ln |1− x|+ C

Rozložte ryze lomenou funkci na součet parciálńıch zlomk̊u

1. R(x) = 2x+1
x3−x

Rozlož́ıme jmenovatel na součin kořenových faktor̊u (v reálném oboru).
x3 − x = x(x2 − 1) = x(x− 1)(x+ 1)
Protože máme tři r̊uzné jednonásobné reálné kořeny, rozklad dopadne takto:

2x+ 1

x3 − x
=

2x+ 1

x(x− 1)(x+ 1)
=
A

x
+

B

x− 1
+

C

x+ 1

Vynásob́ıme rovnost společným jmenovatelem z levé strany.

2x+ 1 = A(x− 1)(x+ 1) +Bx(x+ 1) + Cx(x− 1)

Máme dvě možnosti
a) do rovnice postupně dosad́ıme reálné kořeny p̊uvodńıho jmenovatele:

x = 0 : 0 + 1 = A(−1)(1) +B · 0(1) + C · 0(−1) ⇒ A = −1
x = 1 : 2 + 1 = B · 1(1 + 1) ⇒ B = 3

2

x = −1 : −2 + 1 = C(−1)(−2) ⇒ C = −1
2

b) rovnici ještě uprav́ıme a porovnáme koeficienty u jednotlivých mocnin x na pravé a na levé
straně:

2x+ 1 = Ax2 − A+Bx2 +Bx+ Cx2 − Cx

2x+ 1 = x2(A+B + C) + x(B − C)− A

x2 : 0 = A+B + C
x1 : 2 = B − C
x0 : 1 = −A

Řešeńım soustavy tř́ı rovnic o třech neznámých dostaneme A = −1, B = 3
2
, C = −1

2
.

Celkem máme:

R(x) =
−1

x
+

3
2

x− 1
+
−1

2

x+ 1
.

2. R(x) = x2−x−1
x3−2x2+x

x3 − 2x2 + x = x(x2 − 2x+ 1) = x(x− 1)2

Máme jeden jednonásobný kořen x = 0 a dvojnásobný kořen x = 1. Rozklad bude vypadat
takto:

x2 − x− 1

x(x− 1)2
=
A

x
+

B

x− 1
+

C

(x− 1)2
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x2 − x− 1 = A(x− 1)2 +Bx(x− 1) + Cx

x2 − x− 1 = Ax2 − 2Ax+ A+Bx2 −Bx+ Cx

Koeficienty najdeme kombinaćı obou metod. Nejprve dosad́ıme dva reálné kořeny a potom
posledńı koeficient źıskáme medotou porovnáváńı koeficient̊u.

x = 0 : −1 = A⇒ A = −1

x = 1 : −1 = C ⇒ C = −1

Porovnáme koeficient u x1:
−1 = −2A−B + C ⇒ B = 2

A tedy

R(x) = −1

x
+

2

x− 1
− 1

(x− 1)2
.

3. R(x) = 2x3+x+2
x4+x3+x2

x4 + x3 + x2 = x2(x2 + x+ 1)

Máme dvojnásobný reálný kořen x = 0 a kvadratický dvojčlen se záporným diskriminantem.

2x3 + x+ 2

x2(x2 + x+ 1)
=
A

x2
+
B

x
+

Cx+D

x2 + x+ 1

2x3 + x+ 2 = A(x2 + x+ 1) +Bx(x2 + x+ 1) + (Cx+D)x2

2x3 + x+ 2 = Ax2 + Ax+ A+Bx3 +Bx2 +Bx+ Cx3 + dx2

2x3 + x+ 2 = x3(B + C) + x2(A+B +D) + x(A+B) + A

Porovnáńım koeficient̊u:
B + C = 2,

A + B + D = 0,
A + B = 1,
A = 2.

Odtud A = 2, B = −1, C = 3, D = −1, tj.

R(x) =
2

x2
− 1

x
+

3x− 1

x2 + x+ 1
.

Integrováńı parciálńıch zlomk̊u

I. typ:
∫

A
x−α dx

• ∫
3

x− 5
dx =

∣∣∣∣ x− 5 = t
dx = dt

∣∣∣∣ = 3

∫
1

t
dt = 3 ln |x− 5|+ C

II. typ:
∫

A
(x−α)k dx, k 6= −1

6



• ∫ √
2

(x+ 2)5
dx =

∣∣∣∣ x+ 2 = t
dx = dt

∣∣∣∣ =
√

2

∫
1

t5
dt =

√
2

∫
t−5 dt =

√
2

−4

1

t4
+C = −

√
2

4

1

(x+ 2)4
+C

III. typ:
∫

Bx+C
x2+px+q

dx, p2 − 4q < 0

• ∫
2x− 3

x2 − 3x+ 5
dx =

∣∣∣∣ x2 − 3x+ 5 = t
(2x− 3)dx = dt

∣∣∣∣ =

∫
1

t
dt = ln |t|+ C = ln |x2 − 3x+ 5|+ C

• ∫
1

x2 − 2x+ 3
dx =

∫
1

x2 − 2x+ 1− 1 + 3
dx =

∫
1

(x− 1)2 + 2
dx =

∫
1

2[ (x−1)
2

2
+ 1]

dx

=
1

2

∫
1(

x−1√
2

)2
+ 1

dx =

∣∣∣∣∣ x−1√
2

= t
1√
2
dx = dt

∣∣∣∣∣ =
1

2

∫
1

t2 + 1

√
2dt =

√
2

2

∫
1

t2 + 1
dt

=

√
2

2
arctg t+ C =

√
2

2
arctg

(
x− 1√

2

)
+ C

• ∫
3x− 1

x2 + x+ 1
dx = 3

∫
x− 1

3

x2 + x+ 1
dx =

3

2

∫
2x− 2

3

x2 + x+ 1
dx =

3

2

∫
2x+ 1− 1− 2

3

x2 + x+ 1
dx

=
3

2

∫
2x+ 1

x2 + x+ 1
dx− 3

2

∫ 5
3

x2 + x+ 1
dx =

3

2
ln |x2 + x+ 1| − 5

2

∫
1

x2 + x+ 1
dx∫

1

x2 + x+ 1
dx =

∫
1

x2 + x+ 1
4
− 1

4
+ 1

dx =

∫
1(

x+ 1
2

)2
+ 3

4

dx

Máme dvě možnosti

a) =
4

3

∫
1(

x+ 1
2√
3
4

)2

+ 1

dx =
4

3

∫
1(

2x+1√
3

)2
+ 1

dx =

∣∣∣∣∣ 2x+1√
3

= t
2√
3
dx = dt

∣∣∣∣∣ =
4

3

∫
1

t2 + 1

√
3

2
dt

=
4

3

√
3

2
arctg t+ C =

2
√

3

3
arctg

(
2x+ 1√

3

)
+ C

b) =

∣∣∣∣ x+ 1
2

= t
dx = dt

∣∣∣∣ =
3

4

∫
1

t2 +
(√

3
2

)2 dt =

∣∣∣∣∫ 1

a2 + x2
dx =

1

a
arctg

x

a
+ C

∣∣∣∣ =
2√
3

arctg

(
2x+ 1√

3

)
+C

Celkem máme∫
3x− 1

x2 + x+ 1
dx =

3

2
ln |x2 + x+ 1| − 5

2

2
√

3

3
arctg

(
2x+ 1√

3

)
+ C

=
3

2
ln |x2 + x+ 1| − 5

√
3

3
arctg

(
2x+ 1√

3

)
+ C
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Ryze lomenou funkci převed’te na součet parciálńıch zlomk̊u a integrujte

1. ∫
2x+ 1

x3 − x
dx =

∫ (
−1

x
+

3
2

x− 1
+
−1

2

x+ 1

)
dx = − ln |x|+ 3

2
ln |x− 1| − 1

2
ln |x+ 1|+ C

2. ∫
x2 − x− 1

x3 − 2x2 + x
dx =

∫ (
−1

x
+

2

x− 1
− 1

(x− 1)2

)
dx = − ln |x|+ 2 ln |x− 1|+ 1

x− 1
+ C

3. ∫
2x3 + x+ 2

x4 + x3 + x2
dx =

∫ (
2

x2
− 1

x
+

3x− 1

x2 + x+ 1

)
dx

= −2
1

x
− ln |x|+ 3

2
ln |x2 + x+ 1| − 5

√
3

3
arctg

(
2x+ 1√

3

)
+ C

(viz dř́ıv)

4. ∫
x2 + 2x

x4 + 2x2 − 3
dx

Rozlož́ıme na parciálńı zlomky:

x2 + 2x

x4 + 2x2 − 3
= |x2 = y| = x2 + 2x

y2 + 2y − 3
=

x2 + 2x

(y − 1)(y + 3)
=

x2 + 2x

(x2 − 1)(x2 + 3)
=

x2 + 2x

(x− 1)(x+ 1)(x2 + 3)

x2 + 2x

(x− 1)(x+ 1)(x2 + 3)
=

A

x− 1
+

B

x+ 1
+
Cx+D

x2 + 3

x2 + 2x = A(x+ 1)(x2 + 3) +B(x− 1)(x2 + 3) + (Cx+D)(x− 1)(x+ 1)

x = 1 : 1 + 2 = 8A ⇒ A = 3
8

x = −1 : 1− 2 = −8B ⇒ B = 1
8

x0 : 0 = 3A− 3B −D ⇒ D = 3
4

x3 : 0 = A+B + C ⇒ C = −1
2

x2 + 2x

(x− 1)(x+ 1)(x2 + 3)
=

3
8

x− 1
+

1
8

x+ 1
+
−1

2
x+ 3

4

x2 + 3∫
x2 + 2x

x4 + 2x2 − 3
dx =

∫ (
3

8

1

x− 1
+

1

8

1

x+ 1
− 1

4

2x− 3

x2 + 3

)
dx =

3

8
ln |x− 1|+1

8
ln |x+ 1|−1

4

∫
2x− 3

x2 + 3
dx

=
3

8
ln |x− 1|+ 1

8
ln |x+ 1| − 1

4

∫ (
2x

x2 + 3
− 3

x2 + 3

)
dx

=
3

8
ln |x− 1|+ 1

8
ln |x+ 1| − 1

4
ln (x2 + 3) +

3

4

1√
3

arctg
x√
3

+ C
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5. ∫
x4

x3 − 1
dx =

∣∣∣∣x4 : (x3 − 1) = x+
x

x3 − 1

∣∣∣∣ =

∫ (
x+

x

x3 − 1

)
dx

Ryze lomenou funkci x
x3−1 rozlož́ıme na součet parciálńıch zlomk̊u

x

x3 − 1
=

x

(x− 1)(x2 + x+ 1)
=

A

x− 1
+

Bx+ C

x2 + x+ 1

x = A(x2 + x+ 1) + (Bx+ C)(x− 1)

x2 : 0 = A+B ⇒ A = −B
x0 : 0 = A− C ⇒ A = C
x1 : 1 = A−B + C ⇒ 1 = A+ A+ A

Řešeńım soustavy jsou koeficienty A = 1
3
, B = −1

3
, C = 1

3
. Pokračujeme v integrováńı∫

x4

x3 − 1
dx =

∫ (
x+

1
3

x− 1
+
−1

3
x+ 1

3

x2 + x+ 1

)
dx

integrál
∫ − 1

3
x+ 1

3

x2+x+1
dx spoč́ıtáme zvlášt’:∫ −1

3
x+ 1

3

x2 + x+ 1
dx = −1

3

∫
x− 1

x2 + x+ 1
dx = −1

6

∫
2x− 2

x2 + x+ 1
dx = −1

6

∫
2x+ 1− 1− 2

x2 + x+ 1
dx

= −1

6

∫
2x+ 1

x2 + x+ 1
dx− 1

6

∫
−3

x2 + x+ 1
dx = −1

6
ln |x2 + x+ 1|+ 1

2

∫
1

x2 + x+ 1
dx

= −1

6
ln |x2 + x+ 1|+ 1

2

∫
1

(x2 + x+ 1
4
) + 3

4

dx = −1

6
ln |x2 + x+ 1|+ 1

2

∫
1(

x+ 1
2

)2
+ 3

4

dx

=

∣∣∣∣ x+ 1
2

= t
dx = dt

∣∣∣∣ = −1

6
ln |x2 + x+ 1|+1

2

∫
1

t2 + 3
4

dt = −1

6
ln |x2 + x+ 1|+1

2

2√
3

arctg
2t√

3
+C

= −1

6
ln |x2 + x+ 1|+ 1√

3
arctg

2x+ 1√
3

+ C

Celkem ∫
x4

x3 − 1
dx =

∫ (
x+

1
3

x− 1
+
−1

3
x+ 1

3

x2 + x+ 1

)
dx

=
x2

2
+

1

3
ln |x− 1| − 1

6
ln |x2 + x+ 1|+ 1√

3
arctg

2x+ 1√
3

+ C

Některé integrály typu
∫

sinn x cosm xdx

1. ∫
sin3 x cos4 x dx =

∫
sin2 x cos4 x sinxdx =

∫
(1−cos2 x) cos4 x sinx dx =

∣∣∣∣ cosx = t
− sinx dx = dt

∣∣∣∣
= −

∫
(1− t2)t4 dt =

∫
(t6 − t4) dt =

t7

7
− t5

5
+ C =

1

7
cos7 x− 1

5
cos5 x+ C

9



2. ∫
sin5 x dx =

∫
(1− cos2 x)2 sinx dx =

∣∣∣∣ cosx = t
− sinxdx = dt

∣∣∣∣ = −
∫

(1− t2)2 dt

= −
∫

(1− 2t2 + t4) dt = −t+
2

3
t3 − 1

5
t5 + C = − cosx+

2

3
cos3 x− 1

5
cos5 x+ C

3. ∫
sin5 x cos3 x dx =

∣∣∣∣ sinx = t
cosx dx = dt

∣∣∣∣ =

∫
t5(1− t2) dt =

∫
(t5 − t7) dt

=
1

6
t6 − 1

8
t8 + C =

1

6
sin6 x− 1

8
sin8 x+ C

Lze použ́ıt i substituci t = cosx.

4. ∫
cos3 x

sin5 x
dx =

∫
cos2 x

sin5 x
cosx dx =

∫
1− sin2 x

sin5 x
cosx dx =

∣∣∣∣ sinx = t
cosx dx = dt

∣∣∣∣
=

∫
1− t2

t5
dt =

∫ (
1

t5
− 1

t3

)
dx = − 1

4t4
+

1

2t2
+ C = − 1

4 sin4 x
+

1

2 sin2 x
+ C

5. ∫
sin2 x dx =

∣∣∣∣ sin2 x =
1

2
(1− cos 2x)

∣∣∣∣ =
1

2
x− 1

4
sin 2x+ C

6. ∫
cos2 x dx =

∣∣∣∣ cos2 x =
1

2
(1 + cos 2x)

∣∣∣∣ =
1

2
x+

1

4
sin 2x+ C

7. ∫
sin4 x cos2 x dx =

∫ [
1

2
(1− cos 2x)

]2
· 1

2
(1 + cos 2x) dx =

∣∣∣∣ 2x = t
2 dx = dt

∣∣∣∣
=

1

16

∫
(1− cos t− cos2 t+ cos3 t) dt =

1

16

∫
(sin2 t− cos t+ cos3 t) dt

=
1

16

(∫
1

2
(1− cos 2t) dt−

∫
cos t dt+

∫
(1− sin2 t) cos t dt

)
=

1

16

(
1

2
t− 1

4
sin 2t− sin t+ sin t− 1

3
sin3 t

)
+ C = − 1

48
sin3 2x− 1

64
sin 4x+

1

16
x+ C

8. ∫
1

sinx cosx
dx =

∫
1

tg x cos2 x
dx =

∣∣∣∣ tg x = t
1

cos2 x
dx = dt

∣∣∣∣ =

∫
1

t
dt = ln | tg x|+ C

9. ∫
1

sinx
dx =

∫
1

2 sin x
2

cos x
2

dx =
1

2

∫
1

tg x
2

cos2 x
2

dx =

∣∣∣∣ tg x
2

= t
1

cos2 x
2

1
2

dx = dt

∣∣∣∣
=

∫
1

t
dt = ln | tg x

2
|+ C

10



10. ∫
1

cosx
dx =

∣∣∣cosx = sin (x+
π

2
)
∣∣∣ =

∫
1

sin (x+ π
2
)

dx =

∣∣∣∣ x+ π
2

= t
dx = dt

∣∣∣∣ =

∫
1

sin t
dt

= ln

∣∣∣∣tg(1

2
(x+

π

2
)

)∣∣∣∣+ C

Obecná goniometrická substituce tg x
2

= t

tg
x

2
= t, dx =

2dt

1 + t2
, sinx =

2t

1 + t2
, cosx =

1− t2

1 + t2

1. ∫
1− sinx

1 + cos x
dx =

∫
1− 2t

1+t2

1 + 1−t2
1+t2

2

1 + t2
dt =

∫
1 + t2 − 2t

1 + t2 + 1− t2
2

1 + t2
dt =

∫
1 + t2 − 2t

1 + t2
dt

=

∫ (
1− 2t

1 + t2

)
dt = t− ln (1 + t2) + C = tg

x

2
− ln

(
1 + tg2 x

2

)
+ C

2. ∫
dx

3 sinx− 4 cosx
=

∫
1

3 2t
1+t2

+ 41−t2
1+t2

2

1 + t2
dt =

∫
2

6t+ 4− 4t2
dt =

∫
1

−2t2 + 3t+ 2
dt

= −1

2

∫
1

t2 − 3
2
t− 1

dt = −1

2

∫
1

(t− 2)(t+ 1
2
)

dt = −1

2

∫ 2
5

t− 2
−

2
5

t+ 1
2

dt

= −1

5
ln |t− 2|+ 1

5
ln

∣∣∣∣t+
1

2

∣∣∣∣+ C = −1

5
ln
∣∣∣tg x

2
− 2
∣∣∣+

1

5
ln

∣∣∣∣tg x2 +
1

2

∣∣∣∣+ C
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