
| Vyšetř́ıme funkci f(x): f(x) =

2x

3

x

2�1 .

1. Stanovme definičńı obor funkce D(f) a zjist́ıme,ve kterých bodech je funkce spojitá

D(f) = (�1,�1) [ (�1, 1) [ (1,1).

2. Poč́ıtáme

f(�x) =

2(�x)

3

(�x)

2 � 1

= � 2(x)

3

(x)

2 � 1

= �f(x)

Funkce je lichá, neńı periodická

3. Vyšetř́ıme body nespojitosti ±1,v těchto bodech urč́ıme jednostranné limity:

• lim

x!1�

2x

3

x

2 � 1

= lim

x!1�

2x

3

(x� 1)(x + 1)

= lim

x!1�

2x

3

(x + 1)

· lim

x!1�

1

(x� 1)

=

= 1 · (�1) = �1,

• lim

x!1+

2x

3

x

2 � 1

= lim

x!1+

2x

3

(x� 1)(x + 1)

= lim

x!1+

2x

3

(x + 1)

· lim

x!1�

1

(x� 1)

=

= 1 · (+1) = 1,

• lim

x!�1�

2x

3

x

2 � 1

= lim

x!�1�

2x

3

(x� 1)(x + 1)

= lim

x!�1�

2x

3

(x� 1)

· lim

x!�1�

1

(x + 1)

=

= 1 · (�1) = �1,

• lim

x!�1+

2x

3

x

2 � 1

= lim

x!�1+

2x

3

(x� 1)(x + 1)

= lim

x!�1+

2x

3

(x� 1)

· lim

x!�1+

1

(x + 1)

=

= 1 · (1) = 1.

4. Asymptoty grafu funkce bez směrnice jsou př́ımky x = �1 a x = 1. Asymptoty se směrnićı:

y = kx + q

k = lim

x!1
2x

2

x

2 � 1

= 2.

q = lim

x!1
2x

3 � 2x(x

2 � 1)

x

2 � 1

=

2x

x

2 � 1

= 0.

Existuje tedy jediná asymptota se směrnićı y = 2x.

1



5. Intervaly monotonnosti urč́ıme pomoćı prvńı derivace

f

0
(x) =

6x

2
(x

2 � 1)� 2x

3
(2x)

(x

2 � 1)

2
=

6x

4 � 6x

2 � 4x

4

(x

2 � 1)

2
=

2x

4 � 6x

2

(x

2 � 1)

2
=

2x

2
(x

2 � 3)

(x

2 � 1)

2
.

• Pro rostoućı funkci plat́ı, že f

0
(x) > 0:

f

0
(x) =

2x

2
(x

2 � 3)

(x

2 � 1)

2
> 0, 2x

2
(x

2 � 3) > 0.

Funkce je tedy rostoućı na intervalech (�1,�
p

3) a (

p
3,1).

• Pro funkci klesaj́ıćı plat́ı, že f

0
(x) < 0:

f

0
(x) =

2x

2
(x

2 � 3)

(x

2 � 1)

2
< 0, 2x

2
(x

2 � 3) < 0

a klesaj́ıćı na intervalech (�
p

3,�1) a (�1, 1) a (1,

p
3).

6. Lokálńı extrémy funkce vypoč́ıtáme ze vztahu f

0
(x) = 0.

f

0
(x) =

2x

2
(x

2 � 3)

(x

2 � 1)

2
= 0, 2x

2
(x

2 � 3) = 0

Funkce tedy nabývá lokálńıch extrému ve stacionárńıch bodech ±
p

3. Zda funkce nabývá

lokálńıho maxima (f

00
(x

s

)  0) či lokálńıho minima (f

00
(x

s

)  0) ve stacionárńıch bodech

urč́ıme pomoćı druhé derivace

f

00
(x) =

2{[2x((x

2 � 3)� x

2
(2x)](x

2 � 1)

2 � x

2
(x

2 � 3)[2(x

2 � 1)(2x)]}
[(x

2 � 1)

2
]

2
=

=

[(8x

3 � 12x)(x

2 � 1)

2 � (2x

4 � 6x

2
)(4x)]

[(x

2 � 1)

2
]

2
=

=

[(8x

3 � 12x)(x

2 � 1)� (2x

4 � 6x

2
)(4x)]

(x

2 � 1)

3
=

=

8x

5 � 8x

3 � 12

3
+ 12x� 8x

5
+ 24x

3

(x

2 � 1)

3
=

=

4x

3
+ 12x

(x

2 � 1)

3
=

4x(x

2
+ 3)

(x

2 � 1)

3

Tedy,

f

00
(

p
3) =

4

p
3[(

p
3)

2
+ 3]

[(

p
3)

2 � 1]

3
=

4

p
3(3 + 3)

(3� 1)

3
= 3

p
3 � 0
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ve stacionárńım bodě je lokálńıho minimum,

f

00
(�
p

3) =

4(�
p

3)[(�
p

3)

2
+ 3]

[(�
p

3)

2 � 1]

3
=

4(�
p

3)(3 + 3)

(3� 1)

3
= �3

p
3  0

ve stacionárńım bodě je lokálńı maximum.

Hodnoty funkce ve ve stacionárńıch bodech, dosad́ıme do zadáńı:

f(

p
3) =

2(

p
3)

3

(

p
3)

2 � 1

= 3

p
3

f(�
p

3) =

2(�
p

3)

3

(�
p

3)

2 � 1

= �3

p
3

POZN: je zaj́ımavé, že lokálńı maximum nabývá menš́ı hodnoty než lokálńı minimum.

7. Intervaly, kde je funkce konkávńı (f

00
(x) < 0) či konvexńı(f

00
(x) > 0), urč́ıme také pomoćı

druhé derivace:

• f

00
(x) =

4x(x

2
+ 3)

(x

2 � 1)

3
> 0

[4x(x

2
+ 3) > 0 ^ (x

2 � 1)

3
> 0] _ [4x(x

2
+ 3) < 0 ^ (x

2 � 1)

3
< 0]

• f

00
(x) =

4x(x

2
+ 3)

(x

2 � 1)

3
< 0

[4x(x

2
+ 3) < 0 ^ (x

2 � 1)

3
> 0] _ [4x(x

2
+ 3) > 0 ^ (x

2 � 1)

3
< 0]

Podle znamének urč́ıme, že funkce je konvexńı na intervalech (�1, 0),(1,1) a konkavńı

na intervalech (�1,�1),(0, 1).

• Inflexńı body z druhé derivace f

00
(x) = 0:
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f

00
(x) =

4x(x

2
+ 3)

(x

2 � 1)

3
= 0 4x(x

2
+ 3) = 0

Funkce má tedy jediný inflexńı bod v x = 0.

| Vyšetř́ıme funkci f(x): f(x) =

1+x

2

1�x

2

1. Stanovme definičńı obor funkce D(f) a zjist́ıme,ve kterých bodech je funkce spojitá

D(f) = (�1,�1) [ (�1, 1) [ (1,1).

2. Poč́ıtáme

y(�x) =

1 + (�x)

2

1� (�x)

2
=

1 + x

2

1� x

2
= y(x)

Funkce je sudá, neńı periodická

POZN: funkce je sudá, omeźıme se proto na vyšetřovańı jen nezáporné časti(graf je souměrný

podle osy y).

3. Vyšetř́ıme body nespojitosti x = ±1 a v těchto bodech jeednostranné limity:

• lim

x!�1�

1 + x

2

1� x

2
= lim

x!�1�

1 + x

2

(1� x)(1 + x)

= lim

x!�1�

1 + x

2

1� x

· lim

x!�1�

1

1 + x

=

= 1 · (�1) = �1,

• lim

x!�1+

1 + x

2

1� x

2
= lim

x!�1+

1 + x

2

(1� x)(1 + x)

= lim

x!�1+

1 + x

2

1� x

· lim

x!�1�

1

1 + x

=

= 1 · (+1) = 1,

• lim

x!1�

1 + x

2

1� x

2
= lim

x!1�

1 + x

2

(1� x)(1 + x)

= lim

x!1�

1 + x

2

1 + x

· lim

x!�1�

1

1� x

=

= 1 · (1) = 1,

• lim

x!1+

1 + x

2

1� x

2
= lim

x!1+

1 + x

2

(1� x)(1 + x)

= lim

x!1+

1 + x

2

1 + x

· lim

x!�1�

1

1� x

=

= 1 · (�1) = �1.

Asymtoty grafu funkce bez směrnice jsou př́ımky x = �1 a x = 1. Asymptoty se směrnićı:

y = kx + q
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k = lim

x!1
1 + x

2

x(1� x

2
)

= lim

x!1

x

3
(

1
x

3 +

1
x

)

x

3
(

1
x

2 � 1)

= lim

x!1

(

1
x

3 +

1
x

)

(

1
x

2 � 1)

=

0

�1

= 0.

q = lim

x!1
1 + x

2

1� x

2
= lim

x!1

x

2
(

1
x

2 + 1)

x

2
(

1
x

2 � 1)

= lim

x!1

(

1
x

2 + 1)

(

1
x

2 � 1)

= �1

Existuje tedy jediná asymptota se směrnićı y = �1.

4. Intervaly monotonnosti urč́ıme pomoćı prvńı derivace:

y

0
(x) =

2x(1� x

2
)� (1 + x

2
)(�2x)

(1� x

2
)

2
=

2x� 2x

3
+ 2x + 2x

3

(1� x

2
)

2
=

4x

(1� x

2
)

2

• Pro rostoućı funkci plat́ı, že f

0
(x) > 0:

f

0
(x) =

4x

(1� x

2
)

2
> 0, 4x > 0.

Funkce je rostoućı na intervalech (0, 1) a (1,1)

• Pro funkci klesaj́ıćı plat́ı, že f

0
(x) < 0:

f

0
(x) =

4x

(1� x

2
)

2
< 0, 4x < 0

a klesaj́ıćı na intervalech (�1,�1) a (�1, 0).

5. Lokálńı extrémy funkce vypoč́ıtáme ze vztahu f

0
(x) = 0.

f

0
(x) = 4x(1� x

2
)

2
= 0, 4x = 0

Funkce tedy nabývá lokálńıhO extrému ve stacionárnḿ bodě x = 0. Zda funkce nabývá

lokálńıho maxima (f

00
(x

s

)  0) či lokálńıho minima (f

00
(x

s

) � 0) urč́ıme pomoćı druhé

derivace

f

00
(x) =

4(1� x

2
)� 4x(2)(1� x

2
)(�2x)

(1� x

2
)

4
=

=

4(1� x

2
)� 8x(�2x)

(1� x

2
)

3
=

=

4� 4x

2
+ 16x

2

(1� x

2
)

3
=

=

4(3x

2
+ 1)

(1� x

2
)

3
.
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Tedy,

f

00
(0) =

4[3(0)

2
+ 1]

[1� (0)

2
]

3
= 4 � 0

ve stacionárńım boděx = 0 je lokálńıho minimum.

Hodnotu funkce ve ve stacionárńım bodě, dosad́ıme do zadáńı:

f(0) =

1 + (4)

2

1� (4)

2
=

1 + 0

1� 0

= 1

Hodnota lokálńıho extrému je rovna 1.

6. Intervaly, kde je funkce konkávńı (f

00
(x) < 0) či konvexńı(f

00
(x) > 0), urč́ıme také pomoćı

druhé derivace:

y

00
(x) =

4(3x

2
+ 1)

(1� x

2
)

3

• y

00
(x) =

4(3x

2
+ 1)

(1� x

2
)

3
> 0

[4(3x

2
+ 1) > 0 ^ (1� x

2
)

3
> 0] _ [4(3x

2
+ 1) < 0 ^ (1� x

2
)

3
< 0]

funkce je konvexńı na intervalu (�1, 1)

• y

00
(x) =

4(3x

2
+ 1)

(1� x

2
)

3
< 0

[4(3x

2
+ 1) > 0 ^ (1� x

2
)

3
< 0] _ [4(3x

2
+ 1) < 0 ^ (1� x

2
)

3
> 0]

a konkávńı na intervalech (�1,�1) a (1,1).

• Inflexńı body z druhé derivace f

00
(x) = 0:

f

00
(x) =

4(3x

2
+ 1)

(1� x

2
)

3
= 0 4(3x

2
+ 1) = 0

Funkce nemá žádný inflexńı bod .
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Plot �
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